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Abstract. Flow curves of typical lubricants show a reduction of lubricant viscosity with increasing shear rate (non-Newtonian fluid behavior). Moreover, measurements of flow curves in pressurized viscometers as well as measurements of friction curves of highly loaded lubricated contacts reveal a limiting value for the shear stress that the lubricant can transmit. This is referred to as the limiting shear stress, at which point visualization of shear bands suggests that internal slip occurs in the lubricant film. It has been shown that the limiting shear stress
is not a constant lubricant property, but varies with pressure and temperature. Furthermore, a dependency on the entrainment velocity of the lubricant has been suggested in the literature.
Many TEHL (thermal elastohydrodynamic lubrication) simulation models have used the viscous Eyring model to describe the non-Newtonian fluid behavior. As the model is not based on a limiting shear stress, the Eyring shear stress and other lubricant property dependencies (e.g. pressure-viscosity) were adjusted to recalculate the measured friction data. However, since this approach appears to be lacking in physical background, visco-plastic models including a limiting shear stress have been introduced. For this, knowledge of the dependencies of the limiting shear stress is required.

This study suggests an expression for the limiting shear stress of lubricants derived from measurements of friction curves at the twin disk test rig. The contact-integral nature of the measurements is adjusted for local use in TEHL simulation models. The limiting shear stress formulation is applied to a finite element (FE) based TEHL simulation model and tested. The non-Newtonian fluid model considered is the simplified Bair/Winer model.
TEHL simulation results achieve very high levels of agreement between the measured and simulated friction curves for a large variety of operating conditions and different lubricants including mineral and synthetic oils. If the sliding velocity is increased further once the maximal friction is reached, it is also possible to quantify the portion of friction reduction that is due to decreasing lubricant viscosity and the portion that is due to the temperature dependency of the limiting shear stress.
INTRODUCTION
Newton's law of shear stress for fluid flow describes a linear dependency of shear stress on shear rate with the dynamic viscosity as constant of proportionality. However, flow curves of typical lubricants measured under high pressure exhibit a reduction of lubricant viscosity with increasing shear rate and hence non-Newtonian fluid behavior. Bair [2] [3] measures flow curves in high-pressure rotational viscometers at constant temperature and shows, with increasing shear rate: a linear (Newtonian) regime, a non-linear (shear thinning) regime and a regime of shear-rate-independent shear stress (interpreted as limiting shear stress). A physical interpretation of the latter regime is given by Bair and McCabe [2] [4] observing shear bands with internal slip in fluid flow under high pressure. Thereby, wall slip was not observed. Glass transition is not necessarily accompanied by an occurrence of limiting shear stress (Bair and Winer [8] ).
It has been shown that the limiting shear stress is not a constant lubricant property. It is often reported to be a linear function of pressure (Bair [2] , Bair and Winer [7] , Beilicke et al. [10] , Habchi, Bair and Vergne [17] ). Bair und Winer [8] show an additional dependency on temperature. Mayer [22] proposes that the limiting shear stress is also subject to variations of entrainment velocity of highly loaded contacts.
The limiting shear stress can either be determined from high-pressure viscometers (primary data measurement) or derived from friction curves measured at tribometers. The former can be limited or very elaborate, particularly at high pressures. For pressures of up to 1000 / ², Evans and Johnson [13] show strong correlation between values for the limiting shear stress obtained from a viscometer and values obtained from measured friction curves at the twin disk test rig. The results of a recent research project [24] confirm this for pressures of > 1000 / ². Due to cross-influences between viscous heating and the contact-integral nature of friction curves, the correct interpretation is crucial when deriving limiting shear stresses (Bair [2] , Evans and Johnson [13] ).
In order to describe the non-Newtonian fluid behavior, functional relationships have been fitted to measured flow curves. A widely used model that does not take into account limiting shear stress, but which presents good numerical practicability (Bartel [9] ) has been proposed by Eyring [14] . Bair et al. [5] show that the Eyring model cannot provide a good representation of the shear thinning behavior of lubricants. Furthermore, shear stresses are not limited and can become infinitely large. Models with limiting shear stress have been proposed, e.g. by Bair and Winer [6] , Wolff and Kubo [28] , and Beilicke et al. [10] .
Towards a physically based calculation of highly loaded lubricated contacts, nowadays detailed TEHL simulation programs are used. These programs describe lubricant properties as functions of pressure and temperature as well as of shear rate in terms of viscosity. In this context, Bair et al. [5] notes that the simulation of friction has sometimes turned into a "curve fitting contest" with little consideration of primary measured data.
Wolff and Kubo [28] investigate the influence of different non-Newtonian fluid models by means of isothermal EHL simulations. They recommend the use of limiting-shear-stressbased models and the consideration of thermal effects. Habchi [16] also emphasizes the importance of taking into account thermal effects, based on TEHL simulations with a modified Carreau-Yasuda model [1] . As the Carreau-Yasuda model does not limit the shear stress, it has been truncated numerically based on a linear pressure dependency of the limiting shear stress. Based on the Eyring model, Bobach et al. [11] obtain very strong correlation between TEHL simulation results and measured friction curves from the FZG twin disk test rig. Based on the same TEHL simulation model and a combined Eyring and simplified Bair/Winer model, Beilicke et al. [10] again achieve very strong correlation between simulated and measured friction curves. In these studies, the limiting shear stress is described as linearly dependent on pressure and derived from measurements at a twin disk test rig. This paper suggests an expression for the limiting shear stress of lubricants derived from measurements of friction curves at the FZG twin disk test rig. One mineral oil (MIN100), two polyalphaolefine oils (PAO10 and PAO100) and one polyglycol oil (PG100) are considered. The contact-integral nature of the measurements is adjusted for local use in TEHL simulation models. The limiting shear stress formulation is applied to a finite element (FE) based TEHL simulation model as described by Lohner et al. [21] and tested by means of a non-Newtonian fluid model based on the simplified Bair/Winer model (Wolff and Kubo [28] ). TEHL simulation results show very high levels of agreement between measured and simulated friction curves for a large variety of operating conditions and for the different types of lubricants considered. If the sliding velocity is increased further once the maximal friction is reached, it is also possible to quantify the portion of friction reduction that is due to decreasing lubricant viscosity and the portion that is due to the temperature dependency of the limiting shear stress.
LIMITING SHEAR STRESS FORMULATION
The proposed limiting shear stress formulation for implementation in TEHL simulation models has its origin in a contact-integral approach, which is further developed to a contactlocal approach. The work in this section is supported by student coursework by Paschold [23] , performed with guidance from the author.
The contact-integral approach lim | is derived from measurements of friction curves at the FZG twin disk test rig and consists of the sum of three terms as given by Eq. (1). The lubricant-specific parameters ̇1 , ̇2 , ̇3 und ̇4 are obtained from regression analysis. lim | is then transferred to a contact-local approach lim | acc. to Eq. (2).
The workflow for deriving | and the lubricant-specific parameters ̇1 , ̇2 , ̇3 and ̇4 is schematically shown in Figure 1 . The starting point features measured friction curves, whose behavior resembles that of flow curves obtained from high pressure viscometers (see section 1). They typically present a linear (Newtonian) regime, a non-linear (shear thinning) regime and a regime of maximal or rather decreasing friction (see a and b in Figure 1 ). For mild operating conditions, no maximum of friction may be observed for the considered range of sliding velocity (see c in Figure 1 ). Due to the increasing bulk ( ) and TEHL contact temperature as increases, the friction curves become dominated by thermal effects.
Contact-integral approach
A maximum of the measured friction curves is interpreted as some integral value Four selected lubricants from Mayer [22] -MIN100, PAO100, PAO10 and PG100 -are considered in this study. The measured kinematic viscosities at 40° und 100° are shown in Table 1 . Further lubricant data is documented by Mayer [22] and ITR Clausthal [19] . Figure 2 exemplifies the measured friction curves for MIN100 and PG100, with two operating conditions (low and high load). 
Based on the measured friction curves of Mayer [22] , Figure 3 shows the evaluated values of | plotted over , Σ und for the four selected lubricants MIN100, PAO100, PAO10 and PG100. has been found in the literature and as only two measurement levels specified by are available, a simplified linear function is chosen. The bulk temperature is a system-related quantity of the FZG twin disk test rig and increases depending on the operating condition more or less with increasing sliding velocity . Therefore, only at maximal friction (see Figure 1 left) is considered and denoted as reference temperature . Strictly speaking, (and ) is not a contact-integral value but more a "boundary condition" of the temperature level of the TEHL contact. However, for almost all derived limiting shear stresses | the amount by which the TEHL contact temperature exceeds is low and comparable, so that can be interpreted as a contactintegral quantity. For the FZG twin disk test rig, it was found that can be wellapproximated by a function of , Σ and . This however is not representative of other tribological systems. For gears, is approximately constant over the path of contact, i.e.
The simple operation of adding together the single functional relationships of (Figure 4 left) . Thereby, the lubricant-specific parameters ̇1 , ̇2 , ̇3 und ̇4 shown in Table 2 
Contact-local approach
The contact-integral approach | � , Σ , , � presented in Eq. (1) is so far only based on evaluated friction curve measurements. In the next step, it is further developed to the contact-local approach , � becomes a non-linear quantity that varies over the film thickness length ( ) and height direction ( ). It will be shown that the decrease of friction curves after the maximal friction (see a and b in Figure 1 ) is partly due to decreasing viscosity and partly due to decreasing limiting shear stress. The ℎ function provides very good match for the temperature-dependent decrease of the limiting shear stress 1 .
1 The Eyring model is also based on the ℎ function. As Eyring [14] derived his model from measurements at a capillary viscometer where a proper separation of shear thinning and thermal effects is not possible (Bair et al. [5] ), some relation between the temperature dependency of | and primary measured data may be assumed. 
Assumptions
The proposed limiting shear stress formulation for implementation in TEHL simulation models is subject to some assumptions:
• The derived and assumed functional relationships of lim | with respect to , Σ and are representative.
• The dependency of | on the contact-integral quantity is representative for the contact-local quantity .
• is an appropriate reference value for the temperature dependency of | . The (inevitable) error when calculating / ( represents a bulk temperature) is small and similar for different operating conditions.
• The sum velocity Σ influences | 1F 2 directly.
TEHL CALCULATION
The TEHL simulation model used is based on a complete FE implementation and described in detail by Lohner et al. [21] . Only the main characteristics of the model and lubricant properties are repeated here. For simplification, a line contact model is considered.
TEHL simulation model
The fluid flow is described by the transient generalized Reynolds equation, whereas the elastic deformation of the equivalent body is obtained by solving the linear elasticity equation. For constant temperature, Reynolds, elasticity and load balance equations are solved within a FEM-model( , ) based on the full-system approach of Habchi [16] achieving very high convergence rates without requiring underrelaxation. For constant pressure and film thickness, the temperature distribution in lubricant and solids is calculated within a FEM-model( � ) by solving the corresponding energy equations, which are also based on FE discretization. An iterative procedure is established between the FEM-model( , ) and FEM-model( � ) until the maximum absolute difference of two consecutive solutions of pressure and temperature is smaller than 10 −3 . The coefficient of friction | of the TEHL contact is evaluated by integrating the shear stress in the middle of the lubricant film:
Temperature and pressure dependency of lubricant properties
The temperature and pressure dependency of the viscosity is defined as suggested by Hepermann et al. [18] . The temperature dependency of the dynamic viscosity at ambient pressure ( ) is described acc. to Vogel [27] , Fulcher [15] and Tammann and Hesse [26] :
The pressure dependency of the viscosity at a given temperature ( , ) is modelled acc. to Roelands [25] ( , ) = ( ) • �( ( ( )) + 9.67)
with a temperature-dependent pressure exponent ( ) acc. to ( ) = ( ) • 0 ln( ( )) + 9.67 (6) and a temperature-dependent pressure-viscosity coefficient ( ) acc. to
The temperature and pressure dependency of lubricant density ( , ) is modelled following the Bode model [12] :
All model constants of the lubricant models above have been obtained from regression of measurements provided by ITR Clausthal [19] . The temperature and pressure dependency of the thermal conductivity ( ) and heat capacity per volume ( , • )( , ) are based on the models of Larsson and Andersson [20] . Thereby, different parameters are available for different types of lubricant.
Non-Newtonian fluid behavior
The non-Newtonian fluid behavior is based on the simplified Bair/Winer model (Wolff and Kubo [28] ), which can generally be written as:
Wolff and Kubo [28] show that the visco-elastic term mainly influences friction for very small slip ratios. Therefore and due to unknown values of the shear modulus, the visco-elastic term is neglected ( = ∞) for the sake of simplicity.
RESULTS AND DISCUSSION
In the following, simulated values for the coefficients of friction | are compared with measured values given by Mayer [22] (see section 2.1) for a large variety of operating conditions and for the lubricants MIN100, PAO100, PAO10 and PG100. Figure 5 exemplifies the simulated and measured friction curves for MIN100 and PG100, with two different operating conditions (see also Figure 2 ). The measured coefficients of friction very strongly agree with the full-potential TEHL simulation results (thermal, sinh ( / ) acc. to Eq. (2), solid lines) 3 . Deviations can in particular be recognized at the beginning of the friction curves at the non-linear (shear thinning) transition regime. Even though these zones of the friction curves require a higher measurement resolution for systematic comparisons, these deviations could possibly be due to neglected visco-elastic effects ( = ∞ in Eq. (9)) and an inaccurate representation of shear thinning by Eq. (9). Furthermore, the overestimation of the coefficient of friction at beginning of the friction curves for MIN100 appears to be correlated with the strong increase of the viscosity of MIN100 with pressure measured by ITR Clausthal [19] . In this context, stationary viscosity measurements at high pressure viscometers may be not simply transferable to TEHL contacts featuring very low contact times. In order to quantify the complex relationship of the influences on the simulated coefficients of friction, simulation results with decreasing level of detail are provided in Figure 5 . As its effects are best recognizable for the operating condition with = 1200 / 2 , Ö = 40° and Σ = 8 / , the following explanations are focused on that. When thermal effects and the relative temperature dependency of lim | (isothermal, ℎ (1) in Eq. (2), dotted lines) are deactivated, the friction curves are almost constant as the sliding velocity increases. Despite lim | � � = , there is a small decrease at high values of caused by shear thinning effects (Habchi, Bair und Vergne [17] ). When thermal effects (thermal, sinh (1) in Eq. (2), dashed lines) are activated, a comparatively large decrease in | can be observed. This is mainly due to viscous heating and the corresponding reduction of integral viscosity. The remaining difference in is a result of the temperature de- In summary, Figure 7 shows a comparison of the simulated ( | ) and measured ( ) coefficients of friction for all investigated operating conditions of Mayer [22] . It can be seen that the simulated values for the coefficients of friction based on the introduced limiting shear stress formula in section 2 and the non-Newtonian fluid behavior in section 3.3 correlate very strongly with the measured values over a large spread of operating conditions and different types of lubricants. In order to assign the symbols in Figure 7 to the "position" on the friction curves, the symbols are colored proportionally to the slip ratio. Most of the symbols with poor correlation between | and show very low slip ratios and are therefore located at the beginning of the friction curves. Reasons for this have already been discussed above. It should be mentioned that for some friction curves of PAO10 small solid load portions and therefore 
CONCLUSION
This paper focuses on a limiting shear stress formulation for use in TEHL simulation models. The main conclusions drawn from this work are:
• Non-Newtonian fluid models based on limiting shear stress are currently probably the most physical and suitable way to calculate the friction of TEHL contacts.
• The limiting shear stress is not a constant lubricant property but depends on pressure, temperature, entrainment velocity and type of lubricant.
• The contact-integral nature of limiting shear stresses derived from friction measurements at tribometers has been successfully adjusted for local use in TEHL simulation models. • The presented contact-local limiting shear stress formulation is transferable to other tribological systems apart from the twin disk test rig e.g. gear contacts.
• TEHL simulation results show very good agreement between measured and simulated coefficients of friction for a large variety of operating conditions and lubricants.
• When the sliding velocity is increased further once the maximal friction is reached, the portion of friction reduction due to decreasing lubricant viscosity and the portion due to temperature dependency of the limiting shear stress have been quantified.
Further work might focus (i) on even extending the data basis for the contact-integral limiting shear stress equation, (ii) on accurate modelling of the beginning of the friction curves at the non-linear (shear thinning) transition regime, and (iii) on the transition of the calculated contact-local limiting shear stress | to the minimum limiting shear stress , . 
NOMENCLATURE
